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NON-VANISHING OF CERTAIN CYCLOTOMIC MULTIPLE HARMONIC SUMS
AND p-ADIC CYCLOTOMIC MULTIPLE ZETA VALUES
DAVID JAROSSAY
Abstract. We introduce a few strategies for proving non-vanishing results on cyclotomic multiple
harmonic sums, and cases in which these strategies work. Via our result that a certain infinite sum
of p-adic cyclotomic multiple zeta values is equal to a cyclotomic multiple harmonic sum [J I-2], this
implies non-vanishing results on p-adic cyclotomic multiple zeta values.
This is Part V-1 of p-adic cyclotomic multiple zeta values and p-adic pro-unipotent harmonic actions.
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0. Introduction
p-adic cyclotomic multiple zeta values, abbreviated pMZVµN ’s (where p is a prime number and N ∈ N∗
is prime to p) are numbers which characterize the crystalline structure of the pro-unipotent fundamental
groupoid of P1 \{0, µN ,∞} ([D] §11, [CL] [S1] [S2]). They are elements ζp,α
(
(ni)d; (ξi)d
)
of the extension
K of Qp generated by the N -th roots of unity in Qp, where d is any positive integer, the ni’s (1 6 i 6 d)
are positive integers, the ξi’s (1 6 i 6 d) are N -th roots of unity, and α ∈ Z∪ {±∞}\ {0} represents the
number of iterations of the Frobenius. Here, we follow their definition in [J I-1] and [J I-3], which are
generalizations of definitions in [DG], [F1], [F2], [U1], [U2], [Yam] which correspond to particular values
of α.
This paper is a part of our study of pMZVµN ’s by explicit formulas. That study is formulated as a
correspondence between the adjoint pMZVµN ’s, defined as follows [J II-1]
(0.1) ζAdp,α
(
(ni)d; (ξi)d
)
=
( d∑
d′=0
∑
ld′ ,...,ld≥0
ld′+...+ld=l
{ d∏
i=d′+1
(
−li
ni
)}
ζp,α
(
(nd+1−i + ld+1−i)d−d′ ; (ξd−i)d−d′
)
ζp,α
(
(ni)d′ ; (ξi)d′
))
l∈N
and cyclotomic multiple harmonic sums, which are the following explicit algebraic numbers, where m, d
and the ni’s (1 6 i 6 d) are positive integers, and the ξi’s (1 6 i 6 d+ 1) are N -th roots of unity :
(0.2) hm
(
(ni)d; (ξi)d+1
)
=
∑
0<m1<...<md<m
( ξ2ξ1 )
m1 . . . ( ξd+1ξd )
md( 1ξd+1 )
m
mn11 . . .m
nd
d
Cyclotomic multiple harmonic sums are also defined in the same way in the case where p divides N ; an
extension of the notion of adjoint pMZVµN ’s to the case where p divides N has been defined in [J III-1].
In this paper we tackle the question of proving some non-vanishing results for pMZVµN ’s, within our
framework. As in our other papers, we will turn this question into a question on adjoint pMZVµN ’s.
Conjecturally, most pMZVµN ’s do not vanish, but, to our knowledge, very little is known on that
conjecture, and the known results mostly come from the case where d = 1 and N = 1, where we
have ζp,α(n; 1) ∈ Q
×Lp(n, ω
1−n) where Lp is the Kubota-Leopoldt L-function and ω is the Teichmüller
character (this follows from a result of [Col], equation (4) p. 173). For example, a theorem due to Soulé
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[So] says that, when p is a regular prime, and n ∈ N∗ we have Lp(2n + 1, ω
−2n−1) 6= 0 ; this implies
ζp,α(2n+ 1; 1) 6= 0.
Let ζAdp,α
(
(ni)d; (ξi)d; l
)
be the l-th term in (0.1). We have proved in [J I-2] (and in [J III-1] for the case
where p|N) the following formula, for any α ∈ N∗ :
(0.3)
∑
l∈N
ζAdp,α
(
(ni)d; (ξi)d; l
)
= (pα)
∑
d
i=1
nihpα
(
(ni)d; (ξi)d+1
)
The right-hand side of (0.3) is an explicit algebraic number ; studying whether it is non-zero is a
question in algebraic number theory. By contrast, any (adjoint) p-adic cyclotomic multiple zeta value is
conjecturally either zero or a transcendental number. Thus, equation (0.3) looks to be an advantageous
way to study of the non-vanishing of ζAdp,α
(
(ni)d; (ξi)d
)
.
The case (N, d, α) = (1, 1, 1) of equation (0.3) had been proved earlier by Washington [W], in the
following form
(0.4)
∑
0<m<p
1
mn
=
∑
l≥0
(
−n
l
)
plLp(n+ l, ω
1−n−l)
and has the following known application : given that
∑
0<m<p
1
mn
is a strictly positive real number (where
n ∈ N∗), and thus is non-zero, by (0.4), there exists l ∈ N∗ such that Lp(n + l, ω1−n−l) 6= 0. Moreover,
given that this is true for all n, there are infinitely many positive integers n such that Lp(n, ω
1−n) 6= 0.
Let us note that if pα 6 d, the right-hand side of (0.3) is always zero, because the domain of summation
in (0.2) is empty, and our strategy cannot be applied. If pα > d and N = 1, the right-hand side of (0.3) is
always a strictly positive real number and thus is always non-zero, which proves that the strategy works
and implies that ζAdp,α
(
(ni)d
)
:= ζAdp,α
(
(ni)d; (1)d
)
is always non-zero. We view this fact as a p-adic analogue
of the fact that all multiple zeta values are non-zero because they are strictly positive real numbers.
More generally, if m 6 d, the domain of summation in (0.2) is empty and thus hm
(
(ni)d; (ξi)d+1
)
= 0;
if N = 1 and m > d, then hm
(
(ni)d; (ξi)d+1
)
is a strictly positive real number and thus is non-zero.
In §1 we introduce three natural methods to prove that hm
(
(ni)d; (ξi)d+1
)
is non-zero, and we see for
each method a simple case in which it works. We hope that they can be used as the starting point of
a more general work on the non-vanishing of hm
(
(ni)d; (ξi)d+1
)
. In §2 we make some conjectures and
remarks.
The application to the non-vanishing of pMZVµN ’s found in this paper is coherent with a prediction
by Furusho ([F1], Remark 2.20, (ii)) that proving certain results of the type "a certain polynomial of
p-adic multiple zeta values is non-zero" (which includes proving the non-vanishing or irrationality of a
p-adic multiple zeta value) could be reduced to a result in algebraic number theory.
Acknowledgments. This work has started after a discussion with Daniel Barsky, who taught me the
application of Washington’s formula (0.4) to a non-vanishing result on values of the Kubota-Leopoldt
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non-vanishing result. I thank him for this discussion. I also thank an anonymous referee who noticed
a mistake in the previous version of this work. This work has been supported by NCCR SwissMAP at
Université de Genève, and by Labex IRMIA at Université de Strasbourg.
1. Three methods for proving the non-vanishing of certain cyclotomic multiple
harmonic sums
A first natural way to prove the non-vanishing of certain cyclotomic multiple harmonic sums is to use
the Galois theory of a cyclotomic field. A cyclotomic multiple harmonic sum is a polynomial expression of
roots of unity with coefficients in Q, i.e. a polynomial of a primitive N -th root of unity with coefficients
in Q ; thus, it is non-zero if and only if the underlying polynomial is not divisible by the cyclotomic
polynomial of level N . A simpler sufficient condition for the non-vanishing is that the corresponding
set {( ξ2ξ1 )
m1 . . . (
ξd+1
ξd
)md | 0 < m1 < . . . < md < m} (different tuples (m1, . . . ,md) may give the same
element) is linearly independent over Q. We see below a case in which this linear independence is true.
Below ϕ is Euler’s totient function.
A second natural way to prove the non-vanishing of a cyclotomic multiple harmonic sum is to try to
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estimate its complex or p′-adic norm for a convenient p′ and to prove that it has a non-zero term whose
norm is strictly higher than the norm of the sum of all the other terms.
Theorem 1.1. Let (m, d) ∈ N2 with 0 < d < m.
(i) (by the structure of cyclotomic fields) Let ni (1 6 i 6 d) be positive integers. If ξi (1 6 i 6 d + 1)
are N -th roots of unity such that there exists a primitive N -th root of unity ξ, and, for 1 6 i 6 d, an
integer li ∈ N, such that
ξi+1
ξi
= ξli with
d∑
i=1
lim < ϕ(N), then hm
(
(ni)d; (ξi)d+1
)
6= 0.
(ii) (by an estimation of a p’-adic norm) If m ∈ ∪p′ prime
a∈N
p′>d
(p′
a
d, p′
a
(d+1)], then for any positive integers
ni (1 6 i 6 d), and for any roots of unity ξi (1 6 i 6 d+ 1), we have hm
(
(ni)d; (ξi)d+1
)
6= 0.
(iii) (by an estimation of a complex norm) Let nd be a positive integer such that nd >
log
(
(m−1d )−1
)
log(1+1/d) .
Then for any positive integers ni (1 6 i 6 d− 1), and for any roots of unity ξi (1 6 i 6 d+ 1), we have
hm
(
(ni)d; (ξi)d+1
)
6= 0.
These results applied to the case where m is a power of a prime number give, by (0.3) proved in [J I-2],
the non-vanishing of certain ζAdp,α
(
(ni)d; (ξi)d
)
’s.
Proof. (i) Given that 0 ≤
d∑
i=1
lim < ϕ(N), the set {(
ξ2
ξ1
)m1 . . . ( ξd+1ξd )
md | 0 < m1 < . . . < md < m} is
a subset of {ξl | 0 6 l 6 ϕ(N) − 1} which is a basis of the N -th cyclotomic field over Q. Thus the
formula for hm
(
(ni)d; (ξi)d+1
)
amounts to the decomposition of hm
(
(ni)d; (ξi)d+1
)
in this basis, which
has non-negative coefficients defined as sums of strictly positive integers. The union of the sets of indices
of these sums is {(m1, . . . ,md) ∈ Nd | 0 < m1 < . . . < md < m} which is non-empty, thus at least one of
these coefficients is non-zero.
(ii) If m ∈ (p′ad, p′a(d+ 1)], then the only integers in {1, . . . ,m} with p′-adic valuation equal to a are
pα, 2pα, . . ., dpα, and all the other integers in {1, . . . ,m} have p′-adic valuation in {0, . . . , a′ − 1}. As a
consequence, in (0.2), the term (m1, . . . ,md) = (p
′a, 2p′a . . . , dp′a) has p′-adic norm (p′
a
)
n1+...+nd and all
the other terms have p-adic norms at most (p′
a
)
n1+...+nd−min16i6d ni . Thus
∣∣ harm ((ni)d; (ξi)d+1)∣∣p′ =
(p′
a
)
(n1+...+nd) 6= 0.
(iii) Denoting by Sm,d the set of tuples (m1, . . . ,md) ∈ Nd such that 0 < m1 < . . . < md < m and
(m1, . . . ,md) 6= (1, . . . , d), we have
harm
(
(ni)d; (ξi)d+1
)
=
( ξ2ξ1 )
1 . . . ( ξd+1ξd )
d( 1ξd+1 )
m
1n1 . . . dnd
+
∑
(m1,...,md)∈Sm,d
( ξ2ξ1 )
m1 . . . ( ξd+1ξd )
md( 1ξd+1 )
m
mn11 . . .m
nd
d
For any (m1, . . . ,md) ∈ Sm,d we have md > d + 1 and m
n1
1 . . .m
nd
d > 1
m1 . . . (d − 1)nd(d + 1)nd , whence∣∣∣∣ ∑
(m1,...,md)∈Sm,d
( ξ2ξ1 )
m1 . . . (
ξd+1
ξd
)md( 1ξd+1 )
m
mn11 . . .m
nd
d
∣∣∣∣ 6 |Sm,d|1n1 . . . (d− 1)nd−1(d+ 1)nd . On the other hand, we have
∣∣∣∣(
ξ2
ξ1
)1 . . . (
ξd+1
ξd
)d( 1ξd+1 )
d+1
1n1 . . . dnd
∣∣∣∣ = 11n1 . . . dnd . Finally, we have the equivalences
|Sm,d|
1n1 . . . (d− 1)nd−1(d+ 1)nd
<
1
1n1 . . . dnd
⇔ |Sm,d| <
(
1 +
1
d
)nd
⇔
log(|Sm,d|)
log(1 + 1d)
< nd, and we have |Sm,d| =
(
m− 1
d
)
− 1. 
Remark 1.2. The Galois conjugates of a cyclotomic multiple harmonic sum hm
(
(ni)d; (ξi)d+1
)
are the
cyclotomic multiple harmonic sums of the form hm
(
(ni)d; (ξ
a
i )d+1
)
where a is an integer prime to N such
that all the ξi’s are N -th roots of unity. This is a consequence of the structure of the Galois group of the
N -th cyclotomic field, which is isomorphic to (Z/NZ)× where for each a ∈ (Z/NZ)×, the corresponding
element of CN sends ξ 7→ ξa for all N -th roots of unity ξ.
Remark 1.3. The following result can be used for deducing a result of non-vanishing from another one.
For any d ∈ N∗, any positive integers ni (1 6 i 6 d) and roots of unity ξi (1 6 i 6 d+ 1), and for M an
integer, we have
M
∑
d
i=1
(ni−1)
∑
ρM
1
=1,...,ρM
d+1
=1
hm
(
(ni)d; (ρiξi)d+1
)
=
{
hm
M
(
(ni)d; (ξ
M
i )d+1
)
if M | m
0 if M ∤ m
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Proof. Let N be an integer divisible by M such that the ξi’s are N -th roots of unity. For a sequence of
global differential forms ω1, . . . , ωn on P
1 \ {0, µN ,∞}, such that ω1 has no pole at 0, the formal iterated
integral I(ω1, . . . , ωn) ∈ K[[z]] is defined by induction by I(∅) = 1 and, for n > 1, d I(ω1, . . . , ωn) =
I(ω1, . . . , ωn−1)ωn and I(ω1, . . . , ωn)(0) = 0. Let us consider a sequence of differential forms as follows,
where the ξi’s are N -th roots of unity
(ω1, . . . , ωn) =
(
d(zM )
zM − ξM1
,
d(zM )
zM
, . . . ,
d(zM )
zM︸ ︷︷ ︸
n1−1
, . . . ,
d(zM )
zM − ξMd
,
d(zM )
zM
, . . . ,
d(zM )
zM︸ ︷︷ ︸
nd−1
,
d(zM )
zM − ξMd+1
)
We have I(ω1, . . . , ωn) =
∑
0<m1<...<md<m
(
ξM2
ξM
1
)m1 . . . (
ξMd+1
ξM
d
)md( z
M
ξM
d+1
)m
mn11 . . .m
nd
d m
.
On the other hand, we have
d(zM )
zM
=M
dz
z
and
d(zM )
zM − ξM
=
d(zMξ−M )
zMξ−M − 1
=
∑
ρM=1
d(zξ−1)
zξ−1 − ρ
=
∑
ρN=1
dz
z − ρξ
,
thus I(ω1, . . . , ωn) =M
∑
d
i=1
(ni−1)
∑
ρM
1
=1,...,ρM
d+1
=1
∑
0<m1<...<md<m
(ρ2ξ2ρ1ξ1 )
m1 . . . (ρd+1ξd+1ρdξd )
md( zρd+1ξd+1 )
m
mn11 . . .m
nd
d m
. 
Understanding the set ∪p prime
a∈N
(p′ad, p′a(d+1)], which appears in Theorem 1.1 (ii) and its intersection
with the set of power of prime numbers, are question on the repartition of prime numbers. We note that
pad < m ≤ pa(d+ 1) is equivalent to (m/(d+ 1))1/a ≤ p < (n/d)(1/a).
Remark 1.4. For p′ > d, let µ : Zp′ → [0, 1] be the standard probability measure on Zp′ , defined by µ(a+
p′NZp′) =
1
p′N
for a ∈ {0, . . . , p′N − 1}. Then µp′
(
∪a∈N (p
′ad, p′
a
(d+ 1)]
)
= lim
a→∞
1 + p′ + · · ·+ p′a−1
p′a
=
1
p′ − 1
.
2. Conjectures and remarks
2.1. Conjecture of non-vanishing. In our other papers, we have formulated our study of pMZVµN ’s
as a correspondence between adjoint pMZVµN ’s and cyclotomic multiple harmonic sums. In this section,
we make conjectures on the non-vanishing of these two objects.
Not all pMZVµN ’s are zero : all those in the ideal generated by ζp,α(2) are 0 (for example, we have
ζp,α(2n) = 0 for all n ∈ N
∗). The adjoint setting gives a simpler situation.
Conjecture 2.1. (i) For any positive integers ni and roots of unity ξi (1,6 i 6 d), the adjoint p-adic
cyclotomic multiple zeta value ζAdp,α
(
(ni)d; (ξi)d
)
=
(
ζAdp,α
(
(ni)d; (ξi)d; l
))
l∈N
(equation (0.1)) is non-zero.
(ii) More precisely, for any positive integers ni and roots of unity ξi (1,6 i 6 d), infinitely many numbers
ζAdp,α
(
(ni)d; (ξi)d; l
)
are non-zero.
Example 2.2. In the case N = 1 and d = 1, (i) and (ii) are proved, by ζAdp,α(n; l) =
(
l
n
)
ζp,α(n+ l) ∈ Qp
(this follows from the definition of ζAdp,α and the shuffle relation for ζp,α), and the existence of infinitely
many l ∈ N such that Lp(n+ l, ω−n−l) 6= 0, explained in the introduction. We note that ΦAdp,α(n; l) = 0 if
n+ l is even.
Adjoint p-adic MZVµN ’s are Q(ξ)-polynomials of MZVµN ’s (equation (0.1)) ; thus, by the shuf-
fle relation for pMZVµN ’s (which follows directly from their definition, see for example [J II-1]), any
ζAdp,α
(
(ni)d; (ξi)d; l
)
is a Q(ξ)-linear combination of pMZVµN ’s of weight
∑d
i=1 ni + l and depth d. Thus
the Conjecture 2.1 (ii) is implied by the Conjecture 2.1 (i) and the conjecture that the algebraic relations
among pMZVµN ’s are homogeneous for the weight.
The complex cyclotomic multiple zeta values are the following complex numbers
ζ
(
(ni)d; (ξi)d
)
=
∑
0<m1<...<md
( ξ2ξ1 )
m1 . . . ( 1ξd )
md
mn11 . . .m
nd
d
= lim
pα→∞
∑
0<m1<...<md<pα
( ξ2ξ1 )
m1 . . . ( 1ξd )
md
mn11 . . .m
nd
d
∈ C
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If ζ
(
(ni)d; (ξi)d
)
6= 0 (which should be true in practice) then, for pα large enough, hpα
(
(ni)d; (ξi)d
)
6= 0.
For a given index
(
(ni)d; (ξi)d+1
)
, it follows from the structure of piun1 (P
1 \ {0, µN ,∞}) that the mul-
tiple polylogarithm
∑
0<m
hm
(
(ni)d; (ξi)d+1
)
zm
ml
is not a polynomial function (see for example [Ch]), then
infinitely many hm
(
(ni)d; (ξi)d+1
)
are non-zero. We are led to the following :
Conjecture-Question 2.3. Is it true that we always have hpα
(
(ni)d; (ξi)d
)
if pα > d ?
2.2. Remark on the role of algebraic relations in improving non-vanishing results.
Remark 2.4. Let us assume that we have an algebraic relation among pMZVµN ’s, namely, the vanishing
of a certain polynomial of pMZVµN ’s with coefficients in Q(ξ) ; let us assume also that one of the terms
in the polynomial does not vanish ; then at least one of the other terms in the polynomial does not
vanish. This can be used to improve our results of non-vanishing. However, it gives "non-explicit" results,
whereas, with our method, we directly prove the non vanishing of a certain ζAdp,α
(
(ni)d; (ξi)d
)
for certain
chosen
(
(ni)d; (ξi)d
)
’s.
For example, let us consider the double shuffle relations, which hold for p-adic multiple zeta values
at roots of unity by [BF], [FJ] and [Yam] (this is for certain particular values of α, and the immediate
generalization to all values of α is explained in [J II-1]). The "sum formula" (see [Gr], [H]) is the fol-
lowing consequence of double shuffle relations : we have, for all n ∈ N∗, n ≥ 2, and for all d ∈ N∗ :
ζp,α(n) =
∑
n1,...,nd∈N
∗
nd≥2
ζp,α(n1, . . . , nd). As explained in the introduction, for any (p, α), there are infinitely
many n’s such that ζp,α(n) 6= 0. As a consequence, there exists a sequence of words (wl)l∈N such that
weight(wl) →
l→∞
∞ and depth(wl) = d, and ζp,α(wl) 6= 0 for all l ∈ N. However, the words wl are not
explicit.
Remark 2.5. Our method gives the non-vanishing of certain ζAdp,α
(
(ni)d; (ξi)d; l
)
’s only for pα > d.
The relations of iterations of the Frobenius [J I-3] imply that the vector space generated by numbers
ζAdp,α
(
(ni)d; (ξi)d; l
)
of fixed depth d and weight n =
d∑
i=1
ni + l is independent of α. This gives a way to
remove restrictions of the type pα > d in our non-vanishing results, but it gives non-vanishing results at
non-explicit words.
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